Abstract. We show that the category of rational G-spectra for a torus G of rank r ≥ 0 is Quillen equivalent to an explicit small and practical algebraic model, thereby providing a universal de Rham model for rational G-equivariant cohomology theories. The result builds on the Adams spectral sequence of [12] , the enriched Morita equivalences of [23] , and the functors of [27] making rational spectra algebraic.
Introduction.
The present paper is the third and final paper in the sequence beginning [12, 13] . The purpose of the series is to provide a small and practical algebraic model for rational Gequivariant cohomology theories for a torus G of rank r ≥ 0. Such cohomology theories are represented by rational G-spectra, and in this paper we give an algebraic model for the homotopy theory of rational G-spectra. This relies on the earlier papers, since [12] defines the algebraic category A(G) providing the model and constructs an Adams spectral sequence based on it, and [13] gives an algebraic study of A(G) proving several results we need here. The other major ingredients are the Schwede-Shipley Morita theory [23] showing that G-spectra are Quillen equivalent to a category of modules over a ring spectrum, and the second author's results [27] giving Quillen equivalences between algebras over the EilenbergMacLane spectrum HQ and differential graded Q-algebras.
The basis for the algebraic model is the small and concrete abelian category A = A(G) introduced in [12] . (Its relevant properties are summarized in Section 3.) The original definition of A(G) is designed as a natural target of a homology theory π A * : Rational G-spectra −→ A(G), and therefore A(G) is a category of sheaves over the space of isotropy groups. A main theorem of [12] shows that A(G) is of injective dimension r and equivalent to the category with objects M specified by (1) An H * (BG/K; Q)-module φ K M for each closed subgroup K of G. (2) A transitive system of isomorphisms
whenever L ⊆ K with K/L a torus, where E K/L is the multiplicative set generated by Euler classes c 1 (α) ∈ H * (BG/L; Q) of representations of G/L with α K/L = 0.
Throughout the present paper we will use this form of the category A = A(G), and we write DG(A) for the category of differential graded objects of A.
The main theorem of the present paper and the culmination of the whole series is as follows.
Theorem 1.1. For any torus G, there is a Quillen equivalence
Rational G-spectra Q DG(A(G)) of model categories. In particular their derived categories are equivalent
Ho(Rational G-spectra) D(A(G))
as triangulated categories. Furthermore, all the functors involved in the Quillen equivalences are lax symmetric monoidal, and therefore the image of a ring is a ring and the image of a commutative ring is a commutative ring.
More precisely, the model category of spectra we consider is the category of rational modules over the G-equivariant EKMM sphere spectrum S in the sense of [6, 19] (this choice is dictated by Appendix B), and we define a suitable model structure on the category DG(A) of differential graded objects of A.
When r = 1 the result was first proved by the second author in [26] by a different method. In this case it improves the result of the first author [11] that the two derived categories are equivalent as triangulated categories. The proof in [11] of the equivalence of derived categories depends in an essential way on the fact that r = 1, and there is no prospect of extending it to higher rank. Accordingly, even if one is only interested in triangulated categories, it appears necessary to establish the Quillen equivalence for groups of higher rank.
Because of the nature of the theorem, it is easy to impose restrictions on the isotropy groups occurring in topology and algebra. Versions of this theorem for categories of spectra with restricted isotropy groups therefore follow immediately.
Beyond the obvious structural insight, the type of applications we anticipate may be seen from those already given for the circle group T (i.e., the case r = 1). For example [11] gives a classification of rational T-equivariant cohomology theories, a precise formulation and proof of the rational T-equivariant Segal conjecture, and an algebraic analysis of existing theories, such as K-theory and the construction of topological cyclic from topological Hochschild homology. More significant is the construction in [14] of a rational equivariant cohomology theory associated to an elliptic curve C over a Q-algebra, and the identification of a part of T-equivariant stable homotopy theory modelled on the derived category of sheaves over C. The philosophy in which equivariant cohomology theories correspond to algebraic groups is expounded in [10] , and there are encouraging signs suggesting that one may use the model described in the present paper to construct a T g -equivariant cohomology theory associated to a generic complex curve of genus g. Convention 1.2. Certain conventions are in force throughout the paper and the series. The most important is that everything is rational: henceforth all spectra and homology theories are rationalized without comment. For example, the category of rational G-spectra will now be denoted by G-spectra. We also use the standard conventions that 'DG' abbreviates 'differential graded' and that 'subgroup' means 'closed subgroup'. We attempt to let inclusion of subgroups follow the alphabet, so that G ⊇ H ⊇ K ⊇ L. We say that L is cotoral in K if L is a normal subgroup of K and K/L is a torus. Finally, we write H * (X) for the unreduced cohomology of a space X with rational coefficients.
We summarize our notational conventions in Appendix C.4.
Outline of the argument.
We spend this section outlining the structure of the argument given in detail in Sections 6 and 10. The proof described here (and the result itself) depends in an essential way on the papers [12, 13, 27, 23] , but the new work constructs a particular Quillen equivalence of modules over DGAs.
2.A. Preparatory Morita equivalences. The basic Morita equivalence states that if
A is a cocomplete abelian category with a small projective generator, there is an equivalence A mod-E of A with the category of right modules over the endomorphism ring E of the generator. If A requires more than one small projective generator, the endomorphism object E becomes a ringoid (a ring with many objects) ( [8] and [7, 5 .3H]). The language of ringoids and modules over them is explained in Appendix C.
A Morita equivalence for model categories has been given by Schwede and the second author [23, 3.3.3] , and we give details of a minor variant in Appendix A. The outline is as follows. We suppose given a model category M enriched over differential graded Q-modules, with a set BC of fibrant and cofibrant small generators σ. In rational homotopy theory, the cells G/H + split as wedges of certain "basic cells" σ L described in [12, 5.1] , and Subsection 5.B. We will take BC to consist of tensor products of these basic cells, so that objects are indexed by finite sequences of closed subgroups. We then let E be the endomorphism ringoid of BC, so that E(σ, τ ) = Hom M (σ, τ ). Note that Hom M (A, B) is a differential graded Q-module, so E is a differential graded Qalgebroid. The result states that M Q mod-E (see Appendix A for further details). Just once, at the very start, we need the version enriched over spectra, but rationally it can be composed with a Quillen equivalence replacing modules over an HQ-algebroid with differential graded modules over a differential graded Q-algebroid [27] . This gives a Quillen equivalence G-spectra Q G-spectra t , where G-spectra t is a category enriched over DG-Q-modules. To obtain this equivalence unembellished, we could have just used the basic cells themselves (and not all the tensor products). However, as explained in Appendix A, by using the symmetric monoidal category BC, we obtain a symmetric monoidal product on the category of E-modules, and the Morita equivalence is a symmetric monoidal equivalence. We therefore view the category G-spectra t as an algebraic version of G-spectra in which the collection of maps between objects are (extremely large) DG rational vector spaces rather than spectra. From now on we can work entirely with differential graded Q-modules.
In outline, the proof of Theorem 1.1 is to construct Quillen equivalences G-spectra t M orita Q mod-E t Q mod-E a M orita Q DG(A). Here, E a and E t are differential graded endomorphism algebroids (endomorphism DGAs) of sets of generators in G-spectra t and DG(A) is the category of differential graded objects of A. The first and last equivalences are Morita equivalences. We systematically use subscripts a and t to distinguish the differential graded ringoids arising from the algebraic and topological contexts.
2.B.
The new equivalence. The real bridge between the topological and algebraic worlds is the central equivalence, and this is the main concern of the present paper. By [22, 4.3] , it suffices to prove the following theorem.
Theorem 2.1. There is a quasi-isomorphism of DGAs
The quasi-isomorphism is formed from a zig-zag of maps which are lax symmetric monoidal.
A map of ringoids induces an adjoint pair consisting of restriction and extension of scalars. It turns out that if the map of ringoids is lax symmetric monoidal, then both restriction and extension of scalars are lax symmetric monoidal.
The theorem is restated as Proposition 10.2 and the proof occupies Section 10. Here we explain some obstacles and the way we get around them. The DGAs are constructed so that H * (E t ) and H * (E a ) are both calculated by Adams spectral sequences with the same E 2 terms. In the rank 1 case the spectral sequences collapse and H * (E t ) ∼ = H * (E a ), but even here there are several inequivalent DGAs with this homology. The essential non-formality of the DGAs is measured by Toda brackets and (except for the circle group [26] ) it is quite impractical to keep track of all of these.
Since E t and E a are endomorphism ringoids of objects in their respective categories, it suffices to construct a functor ψ : G-spectra t −→ DG(A) (at the model category level), under which these basic cells correspond up to weak equivalence, and to show it induces a homology isomorphism ψ : E t −→ E a of endomorphism ringoids. In fact we will only construct a zig-zag of such functors,
and an associated zig-zag of homology isomorphisms
of ringoids. Since the second two equivalences are elementary (see 2.C below), we will write ψ instead of ψ , as if ψ had codomain DG(A). The category A is designed so that (as proved in [12] ) there is a homology functor π A * : G-spectra −→ A(G) and an Adams spectral sequence
for calculating maps in the derived category Ho(G-spectra) D(G-spectra t ). It is elementary that there is an Adams spectral sequence
for calculating maps in D(A). Thus we have excellent means of calculation at the homotopy level, for both the categories we want to compare. The final obstacle is the construction of the functor ψ at the model category level.
2.C. Construction of the functor ψ. The key to the construction of ψ is to replace the categories of modules over the DGAs E a and E t by categories of modules for commutative and intrinsically formal ringoids R a and R t (we explain what we mean by a commutative ringoid in Section 4). The ringoid R a arises as follows. Calculations identified a set BI a of basic injective objects I a (H) in A, one for each closed subgroup H. The object I a (H) appears to play the role of the injective envelope of the 'residue field' at H, but in any case these injectives together are sufficient for making Adams resolutions in D(A). Since they are injective, it is easy to identify the corresponding objects in the derived category of any similar category (one with an Adams spectral sequence based on an A-valued homology theory) such as G-spectra. When working strictly (rather than up to homotopy), it is easier to deal with rings than with the injective hulls of their residue fields, so we build on an alternative description of R a in terms of the diagram of cohomology rings H * (BG/K). The key fact that makes our proof possible is that the ringoid R a is determined by polynomial rings on even degree generators and is therefore intrinsically formal as a commutative DGA (Section 9). From the Adams spectral sequence of [12] , the corresponding endomorphism ringoid R t has homology R a , and R t is essentially commutative by Theorem 6.3. The intrinsic formality of R a therefore shows R a is quasi-isomorphic to R t and hence there are quasi-isomorphisms
of ringoids, and therefore Quillen equivalences
Here tors-R t -mod = C 1 and tors-R 2 -mod = C 2 in the notation of 2.B, and we see the sense in which these Quillen equivalences are elementary: to simplify the notation, we allow Quillen equivalences induced by quasi-isomorphisms of the ringoids R to be inverted and simply write r : tors-R t -mod −→ tors-R a -mod. Finally, we let ψ be the composite functor
The first functor comes from a Morita equivalence (see Theorem A.4) and r comes from intrinsic formality of R a (see Section 9) . The final equivalence between A and a subcategory of R a -modules was proved in [13] . The new ingredient is the functor T , which is discussed in Section 10.
It is now easy to complete the proof of Theorem 2.1 and hence the construction of a Quillen equivalence between the category of E t -modules and E a -modules and the proof of Theorem 1.1. The composite functor ψ takes basic cells to basic cells since these are characterised by their homology and this implies it also takes tensor products of basic cells to tnesor products of basic cells. It also induces an isomorphism on E 2 -terms of the Adams spectral sequences for calculating in the categories G-spectra t and A-modules. Accordingly, it induces the required homology isomorphism ψ : E t −→ E a on the endomorphism rings of tensor products of basic cells.
2.D.
Comments on the proof. The reader may feel it would be more natural to show directly that T is an equivalence, rather than using its existence to construct the functor ψ and show ψ is a homology isomorphism. Unfortunately, the natural candidate for a quasiinverse to T will land in a category of modules over another endomorphism ringoid E , and the proof that this is essentially E t will require the consideration of another map like ψ to compare E and E t . Such matters (in the single object case) are discussed in [3, 4] .
There are four places where some work needs to be done to animate the formal framework.
The intrinsic formality of R a : this is based on the fact that the cohomology rings H * (BG/K) are polynomial, together with the way A is built from them; see Sections 4 and 9. The essential commutativity of R t : the basis of this is that there is an E ∞ -model for the cochains on BG/K + in the topological category. However a major technical obstacle is to show that this property is preserved by passage to algebra. This involves some rather delicate model category theory see [27, 1.3] . The homology isomorphism H * (R t ) = R a : this follows from the fact that the ringoid R t is constructed from a diagram of rings exactly as for R a , together with the fact that each ring is free as a module over its predecessors (see 6.3). The Adams spectral sequence: the spectral sequence of [12] lets us check the strict maps we construct give weak equivalences. The philosophy of the argument applies rather generally although it depends on good algebraic behaviour of the category A for a successful implementation. It is central to our analysis that all relevant structure can be traced back to the diagram of cohomology rings H * (BG/K) of quotients of the group. As a philosophy, this is hardly surprising, but we find it striking how the clarity of our argument improved as we took it seriously. The formalization of the process is described in Section 4.
There is an analogous approach to the case of an arbitrary compact Lie group G. However, this would require considering the category of subgroups as topologized (cf. the case of Mackey functors [9] ). The additional technical obstacles seem rather daunting at present.
3. The standard abelian category and the Adams spectral sequence.
In this section we collect together results from [12, 13] in forms convenient for our use here.
3.A.
The abelian category A(G) and its indecomposable injectives. We begin with a summary of relevant facts about the standard abelian category A(G) from [13] . In fact, it suffices to describe the equivalent category (denoted A e (G) in [13] ) and the ringoid R a .
Theorem 3.1. The abelian category A(G) is of injective dimension r = rank(G) and equivalent to the category with objects M specified by
The ringoid R a is the opposite of the endomorphism ringoid of the subcategory of injectives I a (H), so we begin by describing those. 
We let BI a denote the set of basic injectives:
Definition 3.3. We define R a to be the opposite of the endomorphism ringoid of BI a :
However it is not easy to approach commutativity through this description of the ringoid. Instead we use the more explicit formulation of ([13,
This constructs the ringoid from a diagram of cohomology rings: this point of view lies at the heart of our analysis (see Section 4).
3.B.
The abelian category A(G) as a category of modules. We are now equipped to describe A(G) as the category of torsion R a -modules. First, to become comfortable with variance, note that R a (L, 1) = 0 unless L = 1, whilst (for example) R a (1, G) = 0. Thus a left R a -module M will include various maps M (1) −→ M (G). It turns out that A(G) is equivalent to a category of left R a -modules. We will refer to the relevant modules as torsion modules, and the general definition will be given in Subsection 3.C.
The relevant result ( [13, 10.2] ) is as follows.
There is an equivalence of abelian categories
It is worth illustrating the content for the case of the circle group.
Example 3.5. For the circle group G, we may specify corresponding objects as follows.
As an object of A: An object is specified by giving, for each finite subgroup H,
where N is a Q[c]-module, V is a vector space, and the map becomes an isomorphism when c is inverted. As a torsion R a -module: An object is specified by giving, for each finite subgroup H, the diagram
where N is a Q[c]-module, V is a vector space, and the map N −→ Q[c, c −1 ] ⊗ V constructed from it becomes an isomorphism when c is inverted.
We define a functor r :
we note that there is nothing to be done unless L is cotoral in K. If L is cotoral in K, and
One may now check this is compatible with multiplication in R a , and that it is full and faithful.
3.C. Torsion modules. Just as we did in Example 3.5, we define the category of torsion modules by reference to A(G). It may also be described as the thick category generated by sums of R a -modules I a (H).
Lemma 3.6. There is a torsion functor Γ : R a -mod −→ tors-R a -mod right adjoint to the inclusion
Since we have an alternative view of A(G), we should identify the basic injectives in it.
Lemma 3.7. With I(G/K) = H * (BG/K) as before, the R a -module I a (K) is defined by
The value of the modules I a (K) may be seen by analogy with the H * (BG)-module H * (BG): on a crude level this is the Q-dual of the ring itself, but its significance is as the injective hull of the simple module.
3.D. The Adams spectral sequence. We summarize the properties of the homology functor π A * : D(G-spectra) −→ A(G) and the associated Adams spectral sequence from [12] .
The connection between topology and algebra is built on the close connection between injectives.
Lemma 3.8. The injectives are realized in the sense that
where E H is the mapping cone of E[⊂ H] + −→ E[⊆ H] + , as described in [12] .
The main theorem of [12] is as follows.
Theorem 3.9. For any G-spectra X and Y there is a natural Adams spectral sequence
It is a finite spectral sequence concentrated in rows 0 to r and strongly convergent for all X and Y .
It is worth stating the injective case separately. 
Constructions of ringoids and modules
We explain how to build ringoids and modules from a diagram of rings. The formal framework is central to our argument. 4 .A. Monotonic ringoids. Ringoids and algebroids are quite complicated structures, even when there are just two objects. However if the non-zero morphisms all increase the size of the group they are a little easier to deal with. Definition 4.1. We say that a ringoid R whose set of objects is the set of subgroups of
The point is that if R is monotonic, its composition structure may be repackaged in a more accessible form: R is specified by
• an associative system of compositions
for triples of distinct objects L ⊂ K ⊂ H, factoring through the tensor product over R(K, K).
4.B.
Ringoids from diagrams of rings. In this paper, we are concerned with two types of ringoids. Endomorphism ringoids are rather familiar, and we describe in this section how to construct ringoids from diagrams of rings. We suppose given a contravariant functor
where Σ is a poset: when L ≤ K there is a ring homomorphism
Here Rings may be conventional rings (in the category of abelian groups), but more generally it may be the category of ring objects in a monoidal category C enriched over a category A. When necessary for emphasis, we write A-Hom C (X, Y ) for the enriched Hom object of C-morphisms from X to Y .
Example 4.2. We take Σ to be the poset of closed subgroups of G partially ordered by cotoral inclusion, and consider the (conventional) rings
We may then form the associated composition ringoid CA. This is a monotonic ringoid defined by
whenever L ≤ K, where Hom A(K) refers to maps of left A(K)-modules. The structure maps in CA are given by composition. Two observations will become important when we move beyond conventional rings. There is a slight variation on this construction involving 'localization'. For each L we suppose given a diagram of rings
These are required to be compatible in the sense that if L ≤ L there is a natural transformation
For example, in the commutative case, we might take
Example 4.4. In the motivating example, we take
and by 3.3 the localized composition ringoid recovers the algebraic ringoid we are interested in R a = LCA a . 
4.C. Evaluation modules over composition ringoids.
Because of its construction from a diagram of rings, the ringoid CA has a canonical left module EA (the 'evaluation CAmodule') with
The structure maps
are the evaluation maps
Similarly, we may define the localized evaluation module LEA by
where G is the terminal object in Σ. This is a module over the ringoid LCA via the localization functor
and then evaluation as before. We note that the evaluation module is also a module over the ringoid LCA: the structure maps are composites
where the first map comes from the localization diagram and the second is evaluation.
4.D.
Reduction to the base category for modules. Note that the modules EA and LEA lie in the original category C, and not in the base category A. In the case of conventional rings, where C = A = Q-mod, we have
but this coincidence is misleading.
However we may obtain a module in A by mapping in an object X of C. Thus we define a module F X EA in A by
and similarly for F X LEA. In practice, our category C will have a symmetric monoidal tensor product, with unit S. We will use the construction when X = S is the unit, and suppress X from the notation.
4.E. Restricted modules over CA. We will want to focus attention on modules over CA or LCA which satisfy a finiteness condition. Notice that a left R-module can be described by maps
or equivalently by maps
given by
It is therefore a restriction to require the action map to factor through it.
Similarly, a left LCA-module is restricted if the LCA-action factors through
Notice that in the motivating case R a = LCA a , any torsion module is a restricted module. For any diagram A, there is a particular type of restricted LCA-module that will be of special importance.
Example 4.8. We observe that LEA is a restricted module. More generally, if the category C has a tensor product, and X is an object of C, we may consider the LCA-module LEA⊗X defined by
The restricted structure maps
are the identity.
4.F.
Tensor products of restricted CA-modules. For restricted CA-modules we may define an internal tensor product.
Definition 4.9. If M and N are restricted CA-modules, we define a new restricted CAmodule M ⊗ A N as follows. First, on objects we take
The restricted structure map for the tensor product is
where the last map is multiplication in A(L). There is a precisely analogous definition for restricted LCA-modules
It is immediate that this construction is compatible with maps of diagrams of rings. This behaves well on the example of 4.8.
Lemma 4.11. The natural map
is an isomorphism.
Proof : It suffices to check this at each object K. First note that the structure maps of X ⊗ LEA ending at (X ⊗ LEA)(K) all factor through A(K) so that
It therefore suffices to check
which is to say
4.G.
Reduction to the base category for diagrams of rings. In due course we will introduce diagrams A to define each of the ringoids R of interest: we have seen that A a gives R a = LCA a , with C = A = Q-mod. In Section 6 we will define diagrams A top and A t to give ringoids R top , and R t . In fact A top is a diagram of rings in the category C of G-spectra, viewed as enriched over the category A of (non-equivariant) spectra, so that R top is a diagram of rings in spectra and LE A top is a diagram of G-spectra. Similarly, A t will be a diagram of rings in the category C of E t -modules, which is enriched over the category A of DG-Q-modules, so that R t is a conventional ringoid in DG-Q-modules, whereas LE A t is an R t -module in E t -modules.
However, our intrinsic formality statements will refer to diagrams of rings in the base category A, so we also need to define diagrams by applying A-Hom C (X, ·) for suitably structured X. For example A top is the diagram of rings in spectra defined by taking G-fixed points
so that passage to fixed points induces a ringoid map
and similarly there is a ringoid map
Extension of scalars lets us convert R t -modules into R t -modules.
The model category tors-R-mod.

5.A.
The model structure. The purpose of this section is to describe a cofibrantly generated model structure on tors-R a -mod and for torsion modules over similar ringoids. This is different from the model structure using the method of [11] (in which the Adams resolution is an associated graded object for a fibrant replacement) since all objects in the cofibrantly generated structure are fibrant.
We suppose given a DG algebroid R and a set BC of small R-modules (note that the smallness is at the level of strict modules; these objects are not required to have finite resolutions by representable modules). We have in mind the example R = R a , and more generally LCA for suitable diagrams A in a category enriched over Q-modules. We describe a cofibrantly generated model structure on the category of R-modules in which the weak equivalences are maps f : X −→ Y which induce isomorphisms of H * (Hom(σ, ·)) = [σ, ·] * for all σ ∈ BC, so that BC provides a set of generators.
In our chosen examples, we will show that for modules with torsion homology a map is a weak equivalence if and only if it is a homology isomorphism, and hence that the derived category is equivalent to the homotopy category of modules with torsion homology. It is therefore reasonable to refer to the model category of torsion R-modules.
We define the fibrations by the right lifting property with respect to the discs 0 −→ δ, where δ is the mapping cone of 1 : σ −→ σ where σ is a suspension of an element of the set BC (the objects of BC have been called basic cells, but it would be more appropriate to refer to them as basic spheres). This determines a class of cofibrations by the left lifting property.
We will write σ for a typical suspension of an element of the set BC, δ for the disk associated to this particular σ, and σ −→ δ for the map arising from the definition of δ.
Proposition 5.1. This construction gives a Quillen closed model category tors-R-mod. Furthermore, the maps σ −→ δ are cofibrations, and an arbitrary cofibration is a retract of a relative cell complex. Accordingly, the acyclic fibrations are the maps with the right lifting property for the cofibrations σ −→ δ.
Proof: The existence of small limits and colimits (CM1) is immediate from the fact that we are working with DG objects in an abelian category. The two out of three axiom (CM2) for weak equivalences is obvious since weak equivalences are detected by homology. The retraction axiom (CM3) is immediate from the definition.
One half of the lifting axiom (CM4) is clear (cofibrations have been defined by the left lifting property), and one half of the factorization axiom (CM5) follows from the small object argument (fibrant approximation). This leaves the axioms of substance. We must check that fibrations have the right lifting property for all acyclic cofibrations (and not just those of form 0 −→ δ), and we must check that any map X −→ Y may be factored as X −→Ŷ −→ Y where X −→Ŷ is a cofibration andŶ −→ Y is an acyclic fibration. The key is the recognition of some cofibrations and their use to characterize acyclic fibrations. Once this is proved we may prove the remaining factorization by the small object argument; this also shows that an arbitrary cofibration is a retract of a relative cell complex. We must begin by tying the lifting properties to something more concrete. We write Hom(X, Y ) for the DG rational vector space of R-module maps, and Hom DG (X, Y ) for the subspace of R-maps commuting with the differential.
Since δ is the cone on the identity we have a map δ −→ Σσ, and it is easy to characterize DG maps using it.
Lemma 5.3. The above map induces an isomorphism
Hom DG (δ, X) ∼ = Hom(Σσ, X).
Proof: Indeed, Hom(δ, X) is the mapping fibre of the identity of Hom(σ, X), so the result is easily checked.
Corollary 5.4. (i) Fibrations are maps
Proof: Part (i) is immediate using Lemma 5.3. For Part (ii), suppose that z : σ −→ Y is a cycle. Since p is a homology epimorphism, there is a cycle y : σ −→ X with py = z + dt for some t, and since p is a fibration there is an s with ps = t. Thus y − ds is a cycle mapping to z.
Proof of Lemma 5.2 (i):
Suppose f : σ −→ X and g : δ −→ Y give a lifting problem in the sense that gi = pf . Now if γ : Σσ −→ Y corresponds to g under Lemma 5.3 then dγ corresponds to gi, and the compatibility condition is dγ = pf . Since p is a homology monomorphism and pf is a boundary, there exists an η : Σσ −→ X with dη = f . Now d(γ − pη ) = 0 and hence, since p is a homology epimorphism, there is a cycle η : Σσ −→ X with pη = (γ − pη) − dγ . Since dγ is a cycle (and hence represents a DG map Σσ −→ Y ) and p is a fibration, there is a cycle η with pη = dγ .
Finally we take η = η + η + η and find pη = pη + [(γ − pη ) − dγ ] + dγ = γ and dη = f + dη + dη = f . The required solution to the lifting problem is the map h : δ −→ X corresponding to η under the isomorphism of Lemma 5.3.
Proof of Lemma 5.2 (ii):
We must show that if p : X −→ Y has the right lifting property with respect to the maps σ −→ δ then it is a homology isomorphism and has the right lifting property with respect to the maps 0 −→ δ.
First note that 0 −→ σ is a cofibration, since its suspension is the pushout of σ −→ δ along σ −→ 0. This shows that Hom DG (σ, X) −→ Hom DG (σ, Y ) is surjective, and hence Hom(σ, X) −→ Hom(σ, Y ) is a homology epimorphism. To see it is a monomorphism, note that a cycle f : σ −→ X becomes a boundary in Y if we have a lifting problem, and that the solution shows that f is a boundary.
Finally, to show that we have right lifting property for 0 −→ δ we note that it is the composite 0 −→ σ −→ δ. We have observed the first is a cofibration, and the second is a defining cofibration.
This completes the proof that we have a model structure on tors-R-mod.
To relate this model structure to our categories of interest, we must give precise models for the basic cells.
5.B.
The basic cells. We may calculate the homology of basic cells as R a -modules, and in this section we show how this suggests appropriate counterparts for other ringoids R = LCA. This enables us to show that the model category constructed in the previous subsection applies in our case and that the weak equivalences are homology isomorphisms. Finally, to obtain monoidal model categories, we need to choose realizations in which the various values which occur are flat modules, and we show how to achieve this with Koszul complex constructions.
Write
is concentrated on K and its subgroups and is given by
Proof: For a G-spectrum X, the associated object of A is given by 
However it is not necessary to make this choice, since the exact sequence
of Hopf algebras, so that
To obtain a complex of projective H * (BG/L)-modules we replace Q by the Koszul complex Kos H * (BG/K) for some chosen set of polynomial generators for
Now suppose A is a diagram of DG algebras with H * (A(K)) = A a (K). For each subgroup K we make a choice of cycle representatives for polynomial generators of H * (BG/K) and use it to form the Koszul complex Kos A(K) .
Definition 5.6. The flat form of the basic cell for R = LCA is obtained by
We need to know that it is legitimate to use these as the generating objects for our cofibrant model structure.
Lemma 5.7. The flat basic cells are small.
Proof:
The value of a map f :
is determined by the image of the finitely many A(L)-module generators of the Koszul complex.
Next we show that in our examples of interest, the weak equivalences in our model categories are homology isomorphisms for the objects with torsion homology. Indeed, the existence of cofibrant replacements shows that any object is equivalent to a retract of a cell complex built from elements of BC. In our motivating examples, the basic cells all have torsion homology, so any object is equivalent to one with torsion homology.
Lemma 5.8. For cellular objects, a weak equivalence is the same as a homology isomorphism.
Proof: Since both H * (Hom(σ, ·)) and H * (·) give long exact sequences from mapping cone sequences, it suffices to show that for a cellular object Z we have H * (Z) = 0 if and only if H * (Hom(σ, Z)) = 0 for all σ in BC.
Since each σ is built from representable objects, it follows that if H * (Z) = 0 it is weakly contractible. For the converse, it suffices to observe that for any Z with H * (Z) non-zero and torsion there is a basic cell σ and a map σ −→ Z not zero in homology. Suppose then that H * (Z) = 0. Since H * (Z) is torsion, it follows that H * (Z) is non-zero at some finite group. For definiteness, we suppose this finite group is the trivial group; using idempotents, other cases are similar. Thus we may choose 0 = x ∈ H * (Z) (1) . Readers familiar with the wide spheres of [11, 19.2] will not be surprised that this bit of the argument needs several steps.
It is convenient to view H * (Z) as an element of A(G). We will write x(H) for the image of
, and we write supp(x) = {H | x(H) = 0} for the support, which consists of connected subgroups. First we argue that we may suppose that supp(x) has a unique maximal element. Pick a subgroup H maximal in the support. Since H is in the support e(V )x = 0 provided V H = 0, and since H is maximal, if H is cotoral in H then there is a representation V of G/H with (V ) H = 0 and e(V )x = 0. We will show that we may multiply x by Euler classes until we have an element x with H as the unique maximal element of supp(x ).
Suppose K is a maximal element of supp(x) and K is not cotoral in H. We may choose subgroups
H = 0 and e(V )x(K) = 0. Thus supp(e(V )x) still contains H but no longer contains K. Furthermore this also excludes all subgroups of H · K from the support except those cotoral in H. Thus, repeating the process finitely many times, we will obtain an element x = e(W 1 )x so that supp(x ) consists of the connected subgroups of H.
Choose a basis of E
−1
H H * (BG) consisting of elements of the form e(U )/e(V ) with V H = 0. We may express x (H) as a sum of elements λ ⊗ y λ as λ runs through the basis and y λ ∈ H * (Z)(H). Suppose λ ⊗ y is a non-zero term with λ = e(U )/e(V ). Next, we know that the cokernel of H * (Z)(1)
H -torsion, so that we may replace x by x with x (H) = e(U 1 ) ⊗ y.
Now we may define a map f : S −U ∧ σ H −→ X with x in the image of its homology. Since U H contributes an untwisted suspension, it is no loss of generality to suppose U H = 0. It remains to argue that f extends to a map S 0 ∧ σ H −→ X. We find it helpful to describe the geometric process before translating into algebra.
The space S U is formed from S 0 using cells with isotropy not containing H. Algebraically, S 0 is a submodule of S U and the quotient is annihilated by an Euler class e(W ) with W H = 0. Moving to spectra and dualizing, there is a map S −U −→ S 0 with fibre having isotropy not containing H. Algebraically, S −U is a submodule of S 0 with quotient annihilated by an Euler class e(W ) with W H = 0, and similarly after smashing with σ H . Hence e(W )f extends over S 0 ∧σ H to show that e(W )x is a non-zero element in the image of a map from a basic cell.
5.C. Monoidal structure on torsion restricted R-modules. Our preferred examples R are of the form LCA. As long as basic cells are restricted modules, the proof of Subsection 5.A applies to give a cofibrantly generated model structure on the category of restricted LCAmodules in the sense of 4.7. In Section 4 we described a tensor product on the category of restricted modules, and in this section we show that this gives a monoidal model category, so that the tensor product has the expected homotopy type.
Proposition 5.9. The tensor product of Section 4 makes tors-R-mod into a monoidal model category.
Proof: In our examples the unit lies in BC and is thus cofibrant. We therefore only need to know that ⊗ A is a Quillen bifunctor in the sense of [15, 4.2.1] . This means firstly that it has a right adjoint counterpart, Hom A so that
and also that the pushout product
of two cofibrations f : U −→ V and g : W ⊗ X is a cofibration, and that f 2g is acyclic if f or g is. The existence of the module Hom A (N, P ) follows from the formal properties of ⊗ A . Since we are working with cofibrantly generated categories, it suffices to prove the pushout product axiom for the generating cofibrations and acyclic cofibrations [15, 4.2.5] .
It is easy to calculate the tensor product of basic cells. Indeed if K, K are two subgroups we see that the tensor product of flat basic cells is homotopy equivalent to a sum of flat basic cells.
Lemma 5.10. The tensor product σ K ⊗ A σ K is a sum of copies of σ K∩K if K ∩ K is cotoral in K and K and is zero otherwise.
, the tensor product is zero unless there is a subgroup L cotoral in both K and K . In that case
This is a tensor product of two Koszul complexes over A(L), namely one for generators
and one for generators one for generators
The result is a Koszul complex for the generators x 1 , . . . , x c , x 1 , . . . , x c . This is homotopy equivalent to a sum of Koszul complexes for the ideal ker(H * (BG/L) −→ H * (BG/(K ∩K )). To see this, note that our Koszul complexes are defined by a subset of a set of polynomial generators. Any two such sets of generators for a given ideal give isomorphic Koszul complexes. Therefore we may assume that the sequences x 1 , . . . , x c and x 1 , . . . , x c both begin with a sequence y 1 , . . . , y d generating the ideal ker(H * (BG/L) −→ H * (BG/(K ∩ K )). We then need only observe that the tensor product of two copies of the Koszul complex for y 1 , . . . , y d is homotopy equivalent to a sum of that for one copy. Indeed, since y 1 , . . . , y d is a regular sequence, the first copy is equivalent to the quotient by the ideal (y 1 , . . . , y d ), and then the maps y i used in the construction of the second are zero.
We deduce the essential ingredient.
Corollary 5.11. The tensor product of two cofibrant objects is cofibrant.
We may now complete the verification that our model structure is monoidal. In our case, the generating cofibrations are of the form σ −→ Cσ where Cσ is the mapping cone of 1 : σ −→ σ, and the generating cofibrations are of the form 0 −→ Cσ. It follows that if M is cofibrant, M −→ CM is always a cofibration and that 0 −→ CM is always an acyclic cofibration.
Taking f : 0 −→ Cσ to be a generating acyclic cofibration we have
so we need to check that Cσ ⊗ W and Cσ ⊗ X are acyclic and that Cσ ⊗ (·) preserves cofibrations. However, since (·) ⊗ W preserves mapping cones, Cσ ⊗ W = C(σ ⊗ W ) is contractible, and similarly for X. Similarly, it suffices to check σ ⊗ W −→ σ ⊗ X is a cofibration. If W −→ X is of the form W −→ CW , the pushout product is of form σ ⊗ W −→ C(σ ⊗ W ), which is a cofibration provided W is cofibrant. If W −→ X is of form 0 −→ CX the pushout product is 0 −→ C(V ⊗ X ) and hence a cofibration provided V and X are cofibrant. Finally, suppose f is σ −→ Cσ and g is τ −→ Cτ . Note that Cτ is τ ⊕ Στ with a suitable differential. Accordingly, the pushout is σ ⊗ Στ ⊕ Σσ ⊗ τ ⊕ σ ⊗ Στ with a suitable differential, and f 2g attaches a Σ 2 σ ⊗ τ . The result follows since Σ 2 σ ⊗ τ is cofibrant, and hence the pushout product is a relative cell complex.
6. The ringoid R t .
The main obstacle to proving the Theorem 2.1, that E a and E t are quasi-isomorphic, is that the endomorphism DGAs E a and E t are neither commutative nor formal. Because they are both complicated, and in any case we have only an indirect hold on E t , we must proceed indirectly to show they are equivalent.
The key to the whole proof is the fact that the algebraic endomorphism ringoid E a is essentially Morita equivalent to a ring R a which is both commutative and intrinsically formal amongst commutative DG ringoids of the form LCA. Proceeding analogously, one may construct a ringoid R t in the topological setting with H * (R t ) = R a . From its topological origin we shall see R t is essentially a commutative DGA (we say that an object essentially has a property if it is weakly equivalent to an object which actually has the property). Because of the intrinsic formality, the categories of R a -modules and of R t -modules are equivalent, and similarly for their torsion submodules.
As summarized in Definition 3.3 and Example 4.4, the ringoid R a is given by
When working up to homotopy it was natural to use the definition
To make this definition in topology, we first take a set of basic injectives I t (H) in G-spectra t in the sense that H * (I t (H)) = I a (H). The Adams spectral sequence shows that this characterizes I t (H) up to homotopy. In fact we take I t (H) to be a fibrant and cofibrant object of G-spectra t corresponding to the G-spectrum E H ; this has the desired property that
We may then define
The injective case of the Adams spectral sequence Corollary 3.10 shows that H * (R t ) = R a . However the ringoid R t is not commutative, and our attempts to prove it is essentially commutative led into a succession of technical difficulties.
To implement the construction in topology, we need to consider the Eilenberg-MacLane spectrum HQ for the constant Mackey functor Q.
Lemma 6.2. For any compact Lie group G, the Eilenberg-MacLane G-spectrum HQ may be constructed as a commutative EKMM S-algebra. Furthermore, it may be taken to be split in the strong sense that there is a map inf G 1 HQ −→ HQ of commutative EKMM S-algebras, which is a non-equivariant equivalence.
Proof: We use the highly structured inflation of Mandell-May [6, 19] to form a commutative equivariant EKMM S-algebra inf G 1 HQ. This is connective, and its bottom homotopy group is the rational Burnside functor. We may then kill the augmentation ideal and all higher homotopy groups in the category of commutative S-algebras. Now, for any G-space X, we may take D HQ X + := F (X + , HQ), and this is again a commutative S-algebra. It is commutative because its product is induced from the (cocommutative) diagonal of the G-space X. Maps of G-spaces induce maps of commutative rings since they commute with the diagonal.
Before proceeding, it is helpful to highlight some formalities. In many equivariant contexts, one may consider the space map(X, Y ) of all maps (giving an enrichment over G-spaces) or just the subspace G-map(X, Y ) of G-maps (giving an enrichment over spaces); these are related by passage to fixed points
Both types of enrichment will be relevant as described in Section 4 and we indicate the enrichment over G-spaces by using a tilde. Now we may use the constructions of Subsection 4.B, to define various ringoids R. The case we need is the one with subscript t, but we motivate it by first considering the topological case. In fact we take R top = LC A top to be the ringoid in HQ-modules associated to the cofibrant and fibrant replacement A top (L) of the diagram
of commutative ring G-spectra. The analogue of the material in Section 8 applied to the model structures of [28] show that this has the right homotopy type, but we do not need this here. There is an associated diagram
of (non-equivariant) commutative ring spectra. Note that G-map(S, Y ) has the right homotopy type even though S is not cofibrant [18, B.4.1]. We now form the associated ringoid R top = LCA top . Now, to give the algebraic counterpart, we let Θ denote the symmetric monoidal functor from HQ-algebra spectra to differential graded algebras from the proof of [27, 1.3] . We then consider the symmetric monoidal functor Θ = E t Θ E top from G-spectra to E t -modules from Corollary B.2. This functor is its own derived functor since Θ , which is Dφ * N α * Q in the notation of [27] , preserves all equivalences by [27, 1.3, 4.3, 4.7] and both E t and E top are right Quillen functors from categories where all of the objects are fibrant.
We now define R t = LC A t to be the ringoid associated to the cofibrant and fibrant replacement A t (L) of the diagram
in E t -modules. The necessary properties of A t (L) are discussed in Section 8, and Corollary 8.3 then shows that R t has the expected homotopy type. Since E t -modules are enriched over Qmodules we may form the analogue of the G-fixed points, which is the cofibrant and fibrant replacement A t (L) of the diagram of rings in Q-modules
and R t = LCA t where S is the unit in E t -modules. Theorem 6.3. The ringoid R t is commutative and H * (R t ) ∼ = R a .
Proof:
The commutativity follows since Θ is a symmetric monoidal functor and thus takes commutative HQ-algebras to commutative Q-algebras.
For homology we describe how one would prove that π * (R top ) = R a if we had shown A top had the requisite cofibrancy properties. We then explain that this proof applies to prove π * (R t ) = R a (and we prove the cofibrancy properties of A t in Section 8) because of the good properties of Θ , and in particular since it preserves enrichments (Corollary 7.2). By definition, we have
Now we use the fact that (D
Indeed it is a free D HQ (BG/L + )-module by the Thom isomorphism, and D HQ (BG/L + ) is a free D HQ (BG/K + )-module as we see by choosing a splitting so that G/L = G/K × K/L. Now Θ preserves enrichment, colimits and free modules, so the corresponding argument applies to R t . In this case we may replace the domain by a cofibrant module, and therefore calculate the cohomology. We see that
as required.
Enrichments transfer over equivalences.
The purpose of this section is to prove that Θ preserves enrichment.
Theorem 7.1. Since all objects in E t -modules and G-spectra are fibrant, for any objects X, X , Hom Et (cΘ X, Θ X ) is weakly equivalent to Θ G-map(cX, X ), where c denotes cofibrant replacement.
Since Θ is the composite of several Quillen equivalences which each preserve all weak equivalences, we deduce this theorem from the general result in Proposition 7.5 below. This theorem is then used to prove the following.
Proof: Since Θ (S 0 ) is the unit S in E t -modules and all objects are fibrant in E t -modules, it follows from Proposition B. Recall from [20, 20 .1] that a functor F is lax monoidal if there is an associated natural transformation φ F :
, and that it is a strong monoidal functor if φ F is always an isomorphism. Two monoidal functors F, G are monoidally adjoint if the unit η : 1 → GF and counit : F G → 1 are monoidal natural transformations, see [20, 20.3] . Proposition 7.3. Let A and C be two closed monoidal categories and let L : A → C and R : C → A be (lax) monoidal functors which are monoidally adjoint. Then the left adjoint L is strong monoidal.
We next consider module categories over closed monoidal categories, see [15, 4.1.6, 4.1.13]. We will again use our convention that A-Hom C (A, B) denotes A-enriched C-maps from A to B.
Proposition 7.4. Let L, R, A and C be as above. Then C is an A-module category via L. That is, C ⊗ A := C ⊗ LA defines an A-module structure on C. If A and C are closed monoidal categories, then C is also enriched over A via R in the sense that A−Hom C (C, C ) = R(C−Hom C (A, A ) ). Now we consider module categories in the context of model categories, see [15, 4.2.18 ].
Proposition 7.5. Let L, R, A and C be as above, where in addition A and C are monoidal model categories and the pair (L, R) is a Quillen equivalence. If A, A and C, C are objects of A and C respectively and c and f are the appropriate cofibrant and fibrant replacement functors, then we have weak equivalences
Proof: The first statement follows from Propositions 7.4 and 7.3 since A(A, −) agrees for both sides for all objects A in A; this statement does not require that (L, R) forms a Quillen equivalence. The second and third statements follow from the first.
Diagrams of commutative DGAs.
In Section 6 we constructed a commutative ringoid from a diagram of commutative DGAs denoted A t (L). Here we modify this diagram to produce a cofibrant and fibrant diagram A t (L) so that the ringoid R t has the right homotopy type. Since the category of A-modules for A a commutative DGA is a monoidal model category [22, 4.1(2)] and all A-modules are fibrant, Hom A (B, C) has the homotopy type of the derived mapping object if B is cofibrant as an A-module. By Proposition 8.1, if B is a commutative A-algebra it is enough for B to be cofibrant as a commutative A-algebra. We then arrange for Hom A t (K) ( A t (L), A t (K)) to have the right homotopy type for all subgroups K and L at once by considering the cofibrant and fibrant replacement A t in a model category of diagrams.
Although it is not necessary here, we should mention that it is also possible to modify the diagram of commutative HQ-algebras so that the associated ringoid R top has the right homotopy type if one works with (equivariant) orthogonal ring spectra. To do this we use the R-model categories on R-modules and commutative R-algebras; see [28, 2.9, 4.3, 4.6] for the relevant properties.
We use the model category on commutative DGAs developed in [1] with weak equivalences the quasi-isomorphisms, fibrations the surjections and cofibrations determined by the left lifting property. Since the commutative A-algebras for A a commutative DGA are the commutative DGAs under A, there is a model structure on commutative A-algebras where a map f is a weak equivalence, fibration or cofibration if it is one as an underlying map of commutative DGAs [5, 3.10] . We need the following property. Proof: First we show that the map underlying a cofibration of commutative A-algebras is a cofibration of A-modules. The statement then follows since A is cofibrant as an A-module and for B cofibrant the map A → B is a cofibration of A-algebras and hence also a cofibration of A-modules.
A cofibration of commutative DGAs is a polynomial extension and hence is a cofibration on the underlying modules. The generating cofibrations of commutative A-algebras are of the form A ⊗ i for i a generating cofibration of commutative DGAs [1, 4.4] . Thus these generating cofibrations of A-algebras are underlying cofibrations of A-modules since A ⊗ j is a cofibration of A-modules whenever j is a monomorphism. It follows that pushouts and colimits of these maps are also cofibrations of A-modules.
Instead of considering the specific diagram A t (L), we consider a general model category of diagrams M D over a model category M indexed over a category D. We require M to be cofibrantly generated so that functorial cofibrant and fibrant replacement functors exist. We require D to be a direct category (see [15, 5.1.1] ) such that for any two objects i, j in D there is at most one morphism between them. In our specific example, the model category on commutative DGAs is indeed cofibrantly generated; the generators are listed in [1, 4.4] . Also, the diagram is indexed over the subgroups of the torus G and there is an inflation map whenever L is cotoral in K. The assignment degree(K) = dim(G) − dim(K) assigns a degree to each subgroup such that each nonidentity map in this diagram raises degree; thus this indexing category is a direct category. Similar arguments apply to localization diagrams.
Because D is a direct category, [15, 5.1.3 ] establishes a Reedy model category on M D where a map is a weak equivalence or fibration if it is an objectwise weak equivalence or fibration.
Here L i is the latching space functor which is given by the colimit of the diagram restricted to the category of non-identity maps with codomain i,
In particular a cofibrant and fibrant diagram in this model category is objectwise cofibrant and fibrant by [15, 5.1.7] . If we only needed to replace each A t (K) by a cofibrant and fibrant commutative DGA, then we would be done. The required relative cofibrant condition follows from the next proposition. 
To show that KRX → X is a cofibration we need to identify L i (KRX) as lim
X.
Given this identification, if
is an isomorphism and hence a cofibration.
To identify L i (KRX) consider the following commutative diagram of inclusions of subcategories.
[ 
has the homotopy type of the derived mapping object.
Proof : Let X be such a cofibrant and fibrant inflation diagram. The above proposition implies that the inflation maps are cofibrations of commutative DGAs. Since for L cotoral in K the map X(K) → X(L) is also an X(K)-algebra map, it is a cofibration of commutative X(K)-algebras by definition. Thus, X(L) is cofibrant as a commutative X(K)-algebra whenever L is cotoral in K. Since X(K)-modules is a monoidal model category by [22, 4.1(2)], the last statement then follows by Proposition 8.1 because cofibrant X(K)-algebras forget to cofibrant X(K)-modules and all X(K)-modules are fibrant.
Intrinsic formality of R a .
A polynomial ring P on even degree generators is intrinsically formal as a commutative DGA in the sense that any commutative DGA P with H * (P ) = P is quasi-isomorphic to P . Indeed, we need only choose representative cycles for a set of polynomial generators, and we have a DGA map P −→ P which is a homology isomorphism. However if P is not commutative, it need not be quasi-isomorphic to P , even if it has the right homology.
The situation for a diagram of polynomial rings indexed by a partially ordered set is rather similar.
Proposition 9.1. If P is a diagram of polynomial Q-algebras on even degree generators indexed on a partially ordered set Σ, and Q is a diagram of commutative DGAs indexed on Σ with H * (Q) ∼ = P , then P and Q are quasi-isomorphic.
Proof : We construct a diagram U P of commutative DGAs and homology isomorphisms P ←− U P −→ Q.
Introduce notation for P as follows. The polynomial generators in P (L) are x(L) i for i ∈ Γ(L), and if L ⊆ K the induced map is i(L, K) : P (K) −→ P (L). Now U P (L) has generators corresponding to those of P (L) together with the images of those from K ⊇ L and generators to impose the appropriate relations. More precisely, it has generators ux(L, K) i (with the degree of x(K) i ) for i ∈ Γ(K) and all K ⊇ L and r(L, K) i (with degree deg(x(
To see these maps are homology isomorphisms we note that after the generators ux(L, L) i , the generators are added in pairs (ux(L, K) i , r(L, K) i ) which do not affect the homology. The construction ensures that ux(L, L) i represents the homology class x(L, L) i and is mapped to corresponding generators.
We now wish to conclude that this intrinsic formality statement has the corresponding consequence for localized composition monoids. First we make explicit when a map f : A −→ B of diagrams of DGAs is compatible with localizations: we require that each B(L) K is K-local for A(L), so that there is an induced map The reason for the curious form of the statement is that f does not usually induce a map of composition monoids. Instead, we use the idea of a quasi-equivalence, as in [23] . Definition 9.3. A quasi-equivalence between DG ringoids R and R with the same set of objects is an (R, R )-bimodule M with elements φ L ∈ M (L, L) so that for all pairs of objects K, L, composition with φ L gives quasi-isomorphisms
Following the proof of [23, A.2.3] we obtain a zig-zag of homology isomorphisms from a quasi-equivalence. Lemma 9.4. If there is a quasi-equivalence between DG-ringoids R and R then R and R are quasi-isomorphic.
It therefore suffices to show that a homology isomorphism f : A −→ B induces a quasiequivalence between CA and CB, and if f is compatible with localization, between LCA and LCB. Proof of 9.2: We may immediately define the bimodule. We take M to be monotonic, so
and take
We must see that these are homology isomorphisms.
To begin with, note that if M is a cofibrant A(K)-module then it is built from A(K) using coproducts and homotopy pushouts and therefore Hom A(K) (M, N ) is built from N using products and homotopy pullbacks, so that Hom A(K) (M, ·) preserves homology isomorphisms. Similar arguments apply for B(K)-modules.
For the map (φ K ) * , we use the fact that A(L) is a cofibrant A(K)-module and hence
For the map (φ L ) * , we may argue similarly. First rewrite it as 
can be seen to be a weak equivalence because
The argument with localized composition monoids is precisely similar.
Since our diagrams satisfy the cofibrancy conditions, we obtain the desired conclusion.
Corollary 9.5. The ringoids R a and R t are quasi-isomorphic.
The quasi-isomorphism of endomorphism rings.
In this section we complete the enterprise by assembling the results so far to construct a map ψ : E t −→ E a of differential graded algebroids, and show it is a homology isomorphism. As in Subsection 2.C we are using notation which permits equivalences induced by homology isomorphisms of ringoids to be inverted so as to simplify notation. Indeed the DGAs E t and E a are the endomorphisms of BC t in G-spectra t and BC a in R a -mod (see Appendix B), so it suffices to construct functors
The functor E = E t is defined in Corollary B.2 and we turn to T and r.
We begin with the functor T , which is inspired by the construction of [11, 12] . First, recall from Subsection 4.B that there is a localized endomorphism module LEA over the ringoid R associated to the diagram A of rings. The equivariant topological version of the functor would be
, giving us an R top -module in G-spectra. To get an R top -module in spectra we may take G-fixed points.
The corresponding construction for us is given by
where we have used the internal smash product of right E t -modules described in Appendix A. This gives an R t -module since R t consists of E t -maps between the terms of LE A t in the sense that
where A t takes values in E t -modules. As usual X must be replaced by a cofibrant object, and then X2 Et LE A t has the expected homotopy type by Proposition B.3. Then for the analogue of G-fixed points we take
This has the right homotopy type by Proposition B.3 and [15, 4.2.7] since S is the unit in E t -modules and all objects are fibrant here. Now T t (X) is still only an R t -module, but we have a ringoid homomorphism R t −→ R t , and we obtain an R t -module by extending scalars
We need to construct a functor r : tors-R t -mod −→ tors-R a -mod. Corollary 9.5 shows that R a and R t are connected by a sequence of homology isomorphisms of DGAs. Because the torsion condition is detected in homology, it is automatic that torsion modules are taken to torsion modules. Lemma 10.1. If f : R −→ R is a homology isomorphism of DGAs with homology R a , then the restriction and extension of scalars give a Quillen equivalence tors-R -mod Q tors-R-mod.
Finally, we must check that the composite functor is homotopically correct on sufficiently many objects.
Theorem 10.2. The functor ψ takes basic cells to basic cells. The induced map ψ : E t → E a is a quasi-isomorphism. In fact it is given by a zig-zag of maps which are lax symmetric monoidal.
We need to check the functor behaves well homotopically and then apply the spectral sequence. The model structure on G-spectra t was described in [24, 6.1] , and the model structure on tors-R t -mod in Section 5. They are both monoidal model categories cofibrantly generated by disc-sphere pairs corresponding to the basic cells.
Lemma 10.3. The functor rT E preserves fibrant and cofibrant objects.
Proof: Since all objects of tors-R a -mod are fibrant, it suffices to check cofibrant objects are preserved. Since cells are taken to cells by definition, it remains to observe that rT E preserves colimits. This is clear since r and T are coends and E = E t = Hom Θ (Etop) (BC t , ·) with the basic cells (and their finite tensor products) being finite (where G-spectra t = Θ (E top )-modules).
DG(A)
Proof: Since the two functors to A factor through derived categories by definition, this is straightforward after Lemma 10.3. For simplicity, we identify A with the category of torsion R a -modules. Now compatibility with r follows from the fact that if A −→ B is a homology isomorphism of DG-algebras then H * (B ⊗ A M ) = H * (M ) for any cofibrant M . Compatibility with T E is immediate because π A * is defined by smashing with suitable objects and taking homotopy and T was explicitly constructed by an analogous construction at the model category level.
We will need to know that our functors have good behaviour under smash products. For E this is done in Proposition A.6, and for r it follows by 4.10. For T t it follows by 4.11. However, T is formed from T t by passing to fixed points, and will not preserve tensor products exactly.
Lemma 10.5. The functor T is lax symmetric monoidal and preserves tensor products with basic cells up to homotopy.
Proof:
The functor T is a composite of three functors. By 4.11, the functor T t preserves tensor products precisely. The extension of scalars also preserves tensor products, since we may use associativity of the tensor product at each subgroup H. We need only consider the passage to fixed points, here denoted F M = Hom Et (S, M ).
Since S is the unit object, tensor product gives a map
We therefore have a comparison map
for all X and Y making T lax monoidal. We now claim that it is a weak equivalence when X is a basic cell. In fact it suffices to show we have a weak equivalence when X is a sphere, since any basic cell is a retract of a product of G/H + with H of codimension 1. For such a cell there is a cofibre sequence G/H + −→ S 0 −→ S V (H) . For a sphere S V we need to consider the fixed points of LE A t ⊗ S V . At a subgroup K this is
and this in turn is a free module on F A t (K) G = A t (K) G by the Thom isomorphism. The result follows in this case by the calculation
Proof of Theorem 10.2: The ringoids E a and E t are endomorphism ringoids of sets of objects in the categories related by ψ. We must show ψ makes the objects correspond, and that it gives an isomorphism of homotopy classes of maps between the objects. The relevant sets of objects are smash products of basic cells. By 10.5, it suffices to show that ψ takes basic cells to basic cells. However [12, 11.1] shows that basic cells are characterized by their homotopy which is preserved by ψ according to Lemma 10.4. Turning to maps between objects, note that ψ induces a map of Adams spectral sequences
Indeed, the Adams spectral sequences are both constructed by applying [X, ·] to an injective resolution of the second variable. Exactness of the resolution is preserved since ψ is a composite of Quillen functors, and injectivity is detected in A, and therefore rT E preserves it by Lemma 10.4. The E 1 terms are identified since taking π A * or H * gives an isomorphism when the second variable is injective. Therefore ψ induces an isomorphism at E 2 from the recognition of A as tors-R a -mod. It follows that ψ induces an isomorphism ψX, ψY ) ). Applying this when X and Y are smash products of basic cells gives the required result. Now any quasi-isomorphism of DGAs induces a Quillen equivalence of model categories [22, 4.3] . The quasi-isomorphism is a zig-zag of homology isomorphisms ψ 1 : E 1 −→ E 2 , each of which induces an adjoint equivalence consisting of extension and restriction of scalars. Since each map ψ 1 is lax monoidal, the same is true for both of the maps in the adjoint pair. Indeed, we see from the definition of the internal product in terms of coends that for E 2 -modules N and N there is a natural map
Extension of scalars is defined by (ψ 1 ) * M = M ⊗ E 1 E 2 where E 2 is viewed as an (E 1 , E 2 )-bimodule. An easy exercise with coends shows that if M and M are E 1 -modules, then
This completes the proof of 1.1. Indeed, we have the equivalences
Appendix A. The algebraic Morita equivalence.
Here we describe a variant of Morita theory [8] [7, 5 .3H] for model categories enriched over abelian groups. This is somewhat simpler than the version enriched over spectra described in [23, 3.3.3] and some of this has also appeared in [26, 3.6 ], so we have relegated it to an appendix. However, unlike any of these references we also consider monoidal structures. The first conclusion is that a model category with a set of small generators which is compatibly enriched over abelian groups is Quillen equivalent to a category of differential graded modules over a differential graded ringoid. The second conclusion is that if the set of small generators is closed under a given monoidal product then the Quillen equivalence is a monoidal equivalence. After an algebraic model for G-spectra is developed in Appendix B this is used to show that that model is Quillen equivalent to E t -modules.
A.1. DG-model categories. We first make precise the notion of a model category enriched over abelian groups, which we refer to as a DG-model category. This is the analogue of a simplicial model category [21, II.2] with simplicial sets replaced by chain complexes (i.e., DG-Q-modules). See [15, Ch. 4 ] for a more general definition. We let Q-mod denote the category of unbounded chain complexes with the projective model category structure [15, 2.3.3] and the standard closed symmetric monoidal structure [15, 4.2.13] . For definitions of tensor, cotensor and enriched see [17, 1.2, 3.7] . Definition A.1. A DG-model category is a complete and cocomplete model category C which is tensored, cotensored and enriched (denoted Hom C ) over the category Q-mod such that the following compatibility axiom (CM) holds: (CM) For every cofibration A → B and every fibration X → Y in C the induced map
is a fibration in Q-mod. If in addition one of the maps A → B or X → Y is a weak equivalence, then the resulting map of chain complexes is a quasi-isomorphism. We use the notation A ⊗ X and X A to denote the tensors and cotensors for X in C and A a chain complex.
For example, Q-mod is itself a DG-model category [15, 4.2.13] as is the projective model category of unbounded differential graded modules over any differential graded ringoid as defined in [24, 6.1] . As one would expect, this is a stronger condition than being a stable model category (a pointed model category where the suspension functor is a self-equivalence on the homotopy category). It follows that if C is a DG-model category, then its homotopy category Ho(C) is a triangulated category [15, 7.1.6] .
Proposition A.2. If C is a DG-model category then C is a stable model category. If X is a cofibrant object in C and Y is a fibrant object in C, then there is a natural isomorphism of graded abelian groups
Proof : First, C is pointed since Q-mod is pointed [15, 4.2.19] . For a cofibrant object X in C, a cylinder object [21, I.1] is given by N Q∆[1] ⊗ X. Here Q∆ [1] is the simplicial abelian group generated by ∆ [1] and N is the normalized chain complex. The fact that it is a cylinder object follows since . Since the action of Q-mod on C is associative up to coherent isomorphism, this shows that Σ is a self-equivalence on Ho(C). Hence C is a stable model category. We also have the following natural isomorphisms for a cofibrant object X in C and a fibrant object Y in C.
A.2. Morita theory. Now suppose given a set G of objects in the DG-model category C.
Definition A.3. The endomorphism object E = E(G) is the full DG-subcategory of C with object set G. More explicitly, it is the differential graded ringoid given by
Note that, if G = {σ} has a single element, then E is determined by the single differential graded ring, End C (σ) = Hom C (σ, σ). Differential graded ringoids (i.e., categories enriched over DG abelian groups) and their categories of modules are discussed in [24, Section 6 ]. The projective model structure on the category of such modules is established in [24, 6 .1] based on [22, 4.1] . The weak equivalences are the homology isomorphisms and the fibrations are the epimorphisms. For each object σ in G there is a representable right E-module,
is an isomorphism for any set of objects {Y i }. A subcategory of a triangulated category is localizing if it is closed under cofibre sequences, retracts and coproducts. A set of objects G in C is a set of (weak) generators if the only localizing subcategory of Ho(C) which contains G is Ho(C). We consider the full subcategories of those M ∈ Ho(mod-E) and X ∈ Ho(C) respectively for which the unit of the adjunction
or the counit of the adjunction
Since both derived functors are exact and preserve coproducts, these are localizing subcategories. The module Hom C (G, σ) ⊗ E G is isomorphic to σ since they represent the same functor on C. So the map ν is an isomorphism for every object of G, and the map η is an isomorphism for every free module F C σ = Hom C (G, σ). Since the free modules F C σ generate the homotopy category of E-modules and the objects of G generate C, the derived functors are inverse equivalences of the homotopy categories. By [15, 1.3.13] this implies that the adjoint pair is a Quillen equivalence.
A.3. Monoidal structure on modules over a ringoid. In [2] , Day constructed a symmetric monoidal product on the category of functors between two symmetric monoidal categories. This is the construction that produces the smash product for symmetric spectra; see [16, 20, 22] . We use this same framework to construct a product in the category of modules over certain endomorphism ringoids.
In Definition A.3 we defined an endomorphism ringoid to be a full DG-subcategory on a given object set. With ordinary modules, an internal smash product only exists over a commutative ring; here an internal smash product will exist if the full DG-subcategory is a symmetric monoidal category. In particular, this happens for the endomorphism ring of a single object when the object is the unit. We assume that C is a model category with a monoidal product and that G is a set of cofibrant and fibrant generators which is closed under ⊗. The unit is included in G as I C = X 0 . The full DG-subcategory on G is then a symmetric monoidal category. We define the tensor product of modules over E = E(G) as follows.
Definition A.5. Given M and N two E-modules, define their external smash product M ⊗N to be the functor from G×G to Q-mod with (M ⊗N )(σ, τ ) = M (σ)⊗N (τ ). Define the internal smash product M 2 E N to be the left Kan extension of M ⊗N along ⊗ : G × G → G. In terms of coends we have
Proposition A.6. Let C be a DG-model category with a monoidal product. Let G be a set of small cofibrant and fibrant generators which is closed under the monoidal product. Then the functor
is lax monoidal and the right adjoint of a Quillen equivalence. The left adjoint, − ⊗ E G is strong monoidal.
σ⊗τ the left adjoint is strong monoidal on the free modules. Since the free modules F C σ generate the E-modules it follows that the left adjoint is strong monoidal and E is lax monoidal. The Quillen equivalence follows from Theorem A.4.
Proposition A.7. If G is closed under the monoidal product, then E-modules is a monoidal model category.
Proof: By [22, 3.5] we only need to check the pushout product of the generating cofibrations and trivial cofibrations. By [24, 6 .1] these generating maps are between objects of the form A ⊗ F σ . Since (A ⊗ F σ )2 E (A ⊗ F σ ) = (A ⊗ A ) ⊗ F σ⊗σ the monoidal model properties follow from the monoidal model structure for Q-mod.
Appendix B. The Morita equivalence for spectra A Morita equivalence similar to the one discussed in Appendix A has been studied in [23] which shows that any cofibrantly generated, proper, simplicial, stable model category with a set of small generators is equivalent to modules over a ringoid spectrum. In this paper we are interested in particular in rational stable model categories: stable model categories where
Ho(C) is a rational vector space for any objects X and Y in C. In this case the Morita equivalence produces a rational ring spectrum and it is shown in [27, 1.2] that it can be replaced by a rational differential graded ring with many objects. This general result does not consider monoidal structures though. To develop an algebraic model which preserves the monoidal structure on G-spectra we follow the basic outline of [23, 3.9.3] with the alterations as in Proposition A.6 to prove the following.
Theorem B.1. The category of rational torus-equivariant spectra, G-spectra, is Quillen equivalent via the symmetric monoidal functor Θ E top to a monoidal DG model category G-spectra t .
Here the specific model for G-spectra that we use is the model category of rational Gequivariant EKMM S-modules as developed in [6, 19] . This model category is enriched over symmetric spectra; that is, it is a spectral category in the sense of [23, 3.3.1] . This enrichment arises via the strong symmetric monoidal left Quillen functor from the positive model structure on symmetric spectra to the EKMM S-modules of [6] ; see also [25] . In fact, we can assume that we are working with a model of rational G-equivariant S-modules which is enriched over symmetric HQ-modules. (One can produce such a model by smashing any other model with HQ.) We start with the set BC top of cofibrant and fibrant replacements of the basic cells; the homogeneous spaces G/H + give a set of small generators by definition, and these are obtained as sums of basic cells by [12, 5.2] . As in Proposition A.6, we then consider BC top , the closure of BC top under tensor which also includes the unit. Since all objects are fibrant here and this is a monoidal model category all of the non-unit objects of BC top are cofibrant and fibrant. If we set G = BC top then we can proceed as in Theorem A.4 to show that G-spectra is Quillen equivalent to the category of modules over E(BC top ) = E top , which is a monoidal model category. Proof of Theorem B.1: The equivalence of G-spectra and E top -modules follows as in Theorem A.4; see also [23, 3.9.3] . Here not all objects of G are cofibrant since the unit is not cofibrant in G-spectra. This does not cause any problems though because X = Hom(S 0 , X) → Hom(cS 0 , X) is always a weak equivalence by [18, B.4 .1] and [15, 4.2.7] . Also, in the positive model structure on symmetric HQ-modules the unit is not cofibrant so the free modules F σ in E top -modules are not cofibrant. The same arguments as in [23, 3.9.3] still follow though because the left derived functor − ⊗ L Etop BC top evaluated at F σ is again weakly equivalent to σ. This follows since a cofibrant replacement of F σ can be obtained by smashing it with a cofibrant replacement of the unit. Then the left adjoint takes this to σ smash the cofibrant replacement of the unit. This is weakly equivalent to σ by [18, B.4.1] since σ is cofibrant. The fact that E top = Hom(BC top , −) and its adjoint are symmetric monoidal follow as in Proposition A.6. Similarly, E top -modules is a monoidal model category by the same arguments as those in Proposition A.7 using the fact from [20, 14.1 ] that the positive model structure is a monoidal model category.
Next we use the identity functor to consider E top -modules over the usual stable model category of symmetric HQ-modules instead of the positive stable model category. Here the free modules F σ become cofibrant because the unit is cofibrant. Then we use the functors from [27] to convert this spectral model category into an (algebraic) DG-model category. Specifically we use the functor Θ from symmetric HQ-modules to rational differential graded algebras from the proof of [27, 1.3] . Here Θ is the composite of several functors which are each symmetric monoidal Quillen functors in the sense of [24, 3.6] . It then follows from Theorem [24, 6.5 ] that the restricted model category of E top -modules is Quillen equivalent to the analogous restricted model category on Θ (E top )-modules. Because each of the composite functors in Θ preserves all weak equivalences the cofibrant and fibrant conditions on the ringoids are not necessary. Now we rename the category of Θ (E top )-modules as G-spectra t . Because Θ is a symmetric monoidal functor one can define an internal smash product on G-spectra t just as in Definition A.5. Since the generating cofibrations and trivial cofibrations are again maps between objects of the form A ⊗ F σ it follows as in Proposition A.7 that G-spectra t is a monoidal model category. Now we apply Proposition A.6 to replace G-spectra t by a category of modules over an endomorphism ring. Let BC t be a set of cofibrant and fibrant replacements of the images of the basic cells in G-spectra t . Let BC t be the closure of this set under ⊗. Then BC t is a set of small generators in G-spectra t since these properties are determined on the homotopy category level. Since all objects are fibrant in G-spectra t and G-spectra t is a monoidal model category, all of the elements of BC t are cofibrant and fibrant. In particular, the unit is cofibrant here since the unit in Q-mod is cofibrant. Thus we can apply the results of Appendix A with G = BC t . Propositions A.6 and A.7 then show that G-spectra t is Quillen equivalent via E t = Hom Θ (Etop) (BC t , −) to the monoidal model category on mod-E t where E t = E(BC t ) is the endomorphism ringoid of the generators BC t . This is summarized in the following statement.
Corollary B.2. The category of G-spectra is Quillen equivalent via the symmetric monoidal functor Θ = E t Θ E top to a monoidal model category mod-E t which is the endomorphism ringoid on a set of small generators BC t in an intermediate model category G-spectra t .
G-spectra Q G-spectra t Q mod-E t
The following property is used in Section 10.
Proposition B.3. For any cofibrant object X, the functor X2 Et − preserves weak equivalences.
Proof: The proposition holds for objects of the form A ⊗F σ since (A ⊗F σ )2 Et Z evaluated at σ ⊗ τ is isomorphic to A ⊗ Z(τ ). Since the generating cofibrations are maps between objects of the form A ⊗ F σ , one can build up to general cofibrant objects by using [15, 5.2.6 ] to show that a weak equivalence at three corners of a pushout square extends to a weak equivalence at the pushout corner. To use [15, 5.2.6] it is crucial that pushouts of E t -modules are constructed objectwise in Q-modules, all objects are cofibrant in Q-modules and injective maps are cofibrations in Q-modules.
Appendix C. Notation and conventions.
C.1. Rings and modules with many objects. We are much concerned with rings and modules with many objects. We refer to rings with many objects as ringoids, but it seems reasonable to refer simply to modules over ringoids. The generalization is quite routine, but there are opportunities for confusion, so we provide some pointers to help direct the reader; see also [24, Section 6] .
A ringoid E with object set BC is an additive category with obE = BC as a set of objects. We write σ, τ, · · · for typical objects. The morphisms from σ to τ are denoted by E(σ, τ ), and E(σ, σ) can be viewed as the endomorphism ring of σ.
A module M over a ringoid E has a value at each object related by operators from the ring: if M is a left E-module the value M (σ) is a left E(σ, σ)-module, and each r ∈ E(σ, τ ) gives a map r : M (σ) −→ M (τ ) on M . Composition of these operators is required to correspond to composition in E. Similarly if M is a right module, with variance reversed: E(σ, τ ) gives maps M (τ ) −→ M (σ). More precisely a left module M is a covariant functor M : E −→ Q-mod enriched over abelian groups. A right module is a contravariant functor M : E −→ Q-mod enriched over abelian groups.
Note that if M and M are right E-modules and N and N are left E-modules then we can define mapping objects and tensor products by the formulae Hom E (M, M ) = Note that the value is just a single abelian group, so these are certainly not E-modules if E has more than one object. However, we may view E as an (E, E)-bimodule: for each fixed σ the functor E(σ, ·) is a left E-module, and for each fixed τ the functor E(·, τ ) is a right E-module. Thus, for instance, if M is a right E-module, Hom E (M, E) may be viewed as a left E-module with value Hom E (M, E(τ, ·)) at τ . Quite generally, if B is an E-bimodule, Hom E (B, M ), Hom E (M, B), M ⊗ R B and N ⊗ R B are all E-modules on the appropriate side.
C.2. The box product. Another form of the tensor product is also important to us; we mention it here to introduce notation and to emphasize that it has a completely different character from the tensor product described in the previous subsection.
To start with, it is only defined for ringoids of a very special form. We suppose E is the endomorphism ringoid on a symmetric monoidal category BC. There is then a symmetric monoidal internal tensor product N 2 E N of two left modules N and N . This is the left C.3. Enrichments. In fact we will usually work with embellishments of ringoids R and their modules. Instead of R being a category enriched over abelian groups (giving standard ringoids) we may have R enriched over other categories.
• if R is enriched over k-modules for a commutative ring k we obtain k-algebroids • if R is enriched over graded k-modules we obtain graded k-algebroids • if R is enriched over differential graded k-modules we obtain differential graded kalgebroids (DGAs over k) • if R is enriched over k-modules for a commutative ring spectrum k we obtain kalgebroids (in spectra) When emphasis is necessary we write A-Hom C (X, Y ) for the A-object of C-maps from X to Y . We use more familiar notation when no confusion is likely. For example, when M and N are differential graded R-modules, Hom R (M, N ) is a differential graded abelian group. Similarly End R (M ) = Hom R (M, M ) is the endomorphism DGA of M .
In algebra we only consider graded ringoids and modules, so we omit the word 'graded'. We consider ungraded objects as graded objects in degree 0. Similarly, we consider graded objects as differential graded objects with zero differential. C.4. Notation. We work in several closely analagous contexts, so we have adopted a uniform system of decoration by subscripts: top refers to topological objects (i.e., in a category of spectra), t for differential graded (DG) objects arising by direct translation of the topological objects and a for objects of algebraic origin. In each of these categories we have some standard constructions.
• BC: the set of basic cells (indexed by closed subgroups).
• BC: the closure of BC under tensor products (indexed by finite sequences of closed subgroups).
• BI: the set of basic injectives (indexed by closed subgroups).
• E := End(BC): the endomorphism ringoid of BC (with object set given by finite sequences of closed subgroups).
• R := End A (BI op ): the endomorphism ringoid of the basic injectives. (with object set the closed subgroups). The version of R well-behaved before passing to homotopy is constructed as described in Section 4 from further data.
• A: a diagram of rings.
• R = LCA: the localized composition ringoid associated to A. Thus, for example, the elements of BC top are the basic cell spectra, the elements of BI top are the suspension spectra E L , and E top is the ringoid spectrum of endomorphisms of BC top and R top is the ringoid spectrum of endomorphisms of BI top . In the other two cases the objects are differential graded ringoids or modules. C.5. Warning. In each of the above contexts there is a functor E from the original category containing the basic cells with values in right E-modules, defined by E(M )(σ) = Hom(σ, M ). Even when Morita theory gives us an equivalence between a category of left R-modules and a category of right E-modules, it is essential to distinguish the basic cell σ as an R-module from the right E-module E(σ). The point is that σ is also naturally a left E-module, and this left E-module is nothing like the basic cell E(σ). In fact, the dual of the left E-module σ corresponds to the injective envelope of a basic cell.
The argument that because σ only makes sense as a left E-module, there is little danger of confusion with the right E-module E(σ) is demolished by our own experience.
